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The shape oscillations of drops in another fluid with or without surfactants has been
analysed by normal mode expansions. The effects of surfactants are accommodated
by considering the Gibbs elasticity, associated with the redistribution of surfactants,
and a Boussinesq surface fluid with two surface viscosities. A general transcendental
equation for the complex frequency of the free oscillations is derived. Explicit
dispersion relations are given for fluids of small bulk viscosities and an interface of
small, moderate, and large interfacial properties by a perturbation method. We have
found that the oscillation always damps out faster for an interface exhibiting
interfacial properties other than the interfacial tension, and the Gibbs elasticity is
the most important parameter that alters the free-oscillation frequency and the
damping constant. Moreover, the energy dissipation for an extensible interface can
be much higher than that of an inextensible interface owing to the strong vorticity
generated in the boundary layers.

1. Introduction

The dynamic response of a fluid drop has often been discussed in one form or
another because of its significance in a great variety of applications, such as nuclear
physics, meteorology, and chemical engineering. Rayleigh (1879, 1902) first studied
the small-amplitude. oscillations of an inviscid fluid drop held together by interfacial
tension and identified the free oscillation frequencies. He also established the amount
of charge allowed for stable oscillations of a charged liquid drop (Rayleigh 1882),
which was later used as a model for nuclear fission (Cohen & Swiatecki 1962 ; Nix
1972). The rate of damping of the oscillations due to bulk viscosities of the fluids was
investigated by Lamb (1932), Reid (1960), Miller & Scriven (1968) and Prosperetti
(1977, 1980). Among them, Miller & Scriven (1968) analysed a more general case, in
which not only the viscosities of the drop in an infinite outer fluid but also rheologic
properties, besides the usual interfacial tension, manifest on the interface were
considered. They, however, only gave expressions for the free-oscillation frequency
and damping constant for the cases of a free and an inextensible interface.

In this paper we present a theoretical analysis of a fluid drop oscillating in another
fluid with and without surfactants, a problem encountered frequently in emulsions
and foams. The aim is to establish the effects of surface properties of arbitrary
magnitude and of the rate of diffusion of surfactants on the oscillations of drops, and
to lay the basis for probing the interfacial properties by investigating the oscillations
of drops with an acoustic levitation technique (Lu & Apfel 1990). The study can also
supplement Miller & Scriven’s for an interface with small or moderate interfacial
properties, since our case reduces to theirs when the surfactants are insoluble in both
fluids and only condense onto the interface.
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Our analysis parallels that of Miller & Scriven except that the surface elasticity is
associated with the redistribution of surfactants while the drop is oscillating. A
normal mode expansion and a perturbation method are used to find the free-
oscillation frequency and damping constant of the drop for the cases of zero, small,
moderate and large interfacial properties. We show that the change of the frequency
and damping constant is more marked for an extensible than an inextensible
interface, and the amplitude of the oscillation damps out faster when the interface
exhibits rheological properties, owing to the generation of strong vorticities in the
boundary layers. (Such an observation follows directly from the work of Landau &
Liftshitz (1959), who showed that the decay of oscillations in an oscillating boundary
layer is proportional to (wv)t. Miller & Scriven (1968) retrieved the same result for
oscillating drops, thus confirming that the mechanism of viscous dissipation in a
boundary layer is of fundamental importance in this problem.)

2, Statement of the problem

We consider the small-amplitude oscillations of a drop immersed in an unbounded
fluid. The outer fluid may contain surfactants, but the concentration is sufficiently
low that the bulk properties of the outer fluid are unchanged. Therefore, the
governing equations of the bulk motion are the same as those for the pure fluids. The
presence of the surfactants, however, alters the interfacial properties. For example,
the interfacial tension may be reduced, and the interface may become viscoelastic.
In our analysis, the surface fluid is assumed to be of the Boussinesq type (Boussinesq
1913), so that the surface viscous force is a linear function of the surface strain with
two proportional constants of surface shear and dilatational viscosities. Gibbs
elasticity (surface dilatational elasticity) due to the sensitive dependence of the
interfacial tension on the concentration of surfactants is also considered. Further-
more the interfacial tension gradient — caused by local expansion and compression
of the interface as the drop oscillates, finite diffusion rates of surfactants and
manifestation of the Gibbs elasticity — is analysed. These effects of surfactants
result in additional resistance to the interfacial deformation and eventually change
the characteristics of the oscillations.

3. Governing equations

We consider an incompressible fluid drop of radius B surrounded by another
infinite incompressible fluid with surfactants, whose equilibrium concentration C,
determines the equilibrium interfacial tension y,. The gravitational force is either
balanced by other forces such as the acoustic radiation force, or negligible since the
capillary constant (2y,/Apg)t (Ap is the difference in fluid densities and g the local
acceleration due to gravity) is much larger than the radius of the drop. Therefore, in

the absence of net body forces, the Navier—Stokes equation is

0¥ | k. gk ¥ *o ok *20k
a;+(v S V*)p¥ = — V¥p* 4 pVH2p* (1)

where v* is the velocity field, p* the pressure field, and v the kinematic viscosity.
Note that all quantities, where applicable, carry subscripts i and o for the droplet and

continuous phase respectively.
The viscosities of the fluids are assumed to be small, as in most practical cases. The
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free-oscillation frequency of the drop is, thus, close to the Lamb frequency w* (Lamb
1932),

it = L= 1) (LA 1) (L +2)
(Lpo+(L+1)p)R®

where the integer L denotes the mode of oscillation. The Reynolds number for the
oscillation, a2 = R?w*/v, is assumed to be sufficiently large that the penetration
depth of the rotational flow is small compared with the radius of the drop.
Additionally, only the nonlinear term in the Navier—Stokes equation can be
neglected if the oscillation amplitude of the drop is much smaller than the radius
(Landau & Lifshitz 1959). _

Under these conditions, scales based on the linear theory for inviscid drops can be
used to define the dimensionless velocity, v = v*/Rw*, pressure, p = p*/pR*w*?, time
t = w*t*, and position, r =r*/R. In terms of these variables, the condition of
incompressibility and the linearized Navier—-Stokes equation become

V-v=0, (2)

and x2% = —x*Vp+ V3. (3)
If the time-dependent part e~ (a2 = w/w* is the complex dimensionless frequency
with the real and imaginary part being the damping constant and oscillation
frequency respectively) in v and p is factored out, (2) and (3) can be solved readily
by using normal mode expansions (Chandrasekhar 1961). In spherical coordinates
(with the origin located at the centre of the drop) the solutions are

2

pi(r) = ;7Y (2) e, (4a)
Po(r) = go 77 1Y py (R2) ™, (4b)
v=(vp+vg)e ", (5a)
Ur =—T(T) erxvs IILM(Q), (5b)
L(L+1 dS(r
o= e 50 V@ + S0, v, @), 50
Ti(r) = byrjp(ax;7), (54d)
Ti(r) = byrhP(az, ), (5€)
. QI TL+1
8i(r) = a; 75 (ax; T)+052(T+1_)’ (5f)
-L
84(r) = a P (o, ) — L. (59)

10 1 0
Here V=€ 56 % rsing g’
Y, ,,(82) are the spherical harmonics with @ denoting coordinates 8,¢,j,(r) the
spherical Bessel function of order L and A{’(r) the spherical Hankel function of the
first kind of order L. The subscripts, L, M, are integers (L= 0,—L <M <L)
representing the modes of the oscillation. Modes of the same L but different M are
degenerate.
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4, Boundary conditions

When the drop is undergoing shape oscillations with amplitude Re,y,, €1, < 1, its
surface profile is described by a dimensionless shape function,

F(0,8)=r—(1+e,, ¥, (R)e™") = 0. (6)

The boundary conditions evaluated at F =0 include the kinematic conditions,
dF/dt = 0, the continuity of the velocities, and the total stress balance. By using the
velocity and pressure field derived above, the kinematic condition — the interface
remains in contact with the neighbouring fluids during the course of the oscillations
— gives that

L(L+1) [aijL(axi)_}_Wl?_i_}_T)]_}'azeLM =0. (N

By the continuity of velocities we get

4 9

aijL(axi)+m—aoh(l})(axo)+a2L =0, (8)
. . (L—1)g
a;[(L—1)j (o) — oy jpq ()] + m
— (L~ 1) B ) —az B2, o)~ T D e = 0, (9)
b;j(ax;) —b, h(Ll)(axo) =0. (10)

Finally, the condition of the total stress balance should be satisfied. The total stress
acting on the spherical interface consists of four parts: pressure stress Fy, bulk
viscous stress F¥,, surface viscous stress F¥,, and tension stress F{,,. The pressure
stress is

F: = ersz*2<pp>io7 (11(1)

where {pp);, = p;P;i— P, P,- The bulk viscous stress is associated with the bulk shear
viscosities of the fluids and is

1 v 0
LR e (-m%) ~(o (1)) . 11b
Rl o). \" Nar . (110)

Similarly, the surface viscous stress is associated with the surface shear viscosity (7;)
and surface dilatational viscosity () introduced by surfactants, and takes the form
(Scriven 1960; Bupara 1964)

1F =—e2—gs

E sv "R [vs'vs+2vr]

pot iy o) 2t Ky, 1T x e, W xa). (110

The tension stress has two terms: one due to the effect of curvature, and the other
to the non-uniformity of the interfacial tension. It is

RF:an=70[_2(1+7)Her+V57]’ (11d)

where 7 is the dimensionless fluctuating interfacial tension and H is the dimensionless
mean curvature of the interface.
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The variation of the interfacial tension along the interface as the drop oscillates can
be determined by assuming local equilibrium, with the interfacial tension and surface
adsorption correlated by their equilibrium relationships (Levich 1962). We have
agsumed that the surfactants are only soluble in the outer fluid and that their
distribution is governed by convection and diffusion. Under these conditions, the
continuity equations for the fluctuating bulk surfactant concentration C and surface
surfactant concentration I', non-dimensionalized by their dimensional equilibrium
counterparts, are (")C’

¥ — 7 +V-(Cv) = V2C, (12)

2L [v +2:] V2F+RDC [aC] (13)

ot on

Here C, and I are the equilibrium bulk and surface concentration of surfactants
respectively, D and D, are the bulk and surface diffusion constants of surfactants
respectively, n the outward normal to the interface, y® = R2w*/D the bulk Péclet
number, and z* = R?w* /D the surface Péclet number. To derive (13) we have used the
Reynolds transport theorem on a curved surface (Lu 1988), and the term D(8C/dn),
is the surfactant flux from the outer fluid to the interface. In general, D and D,
are of the order of 107™° em?/s. Thus, y* and 2% are of order 10° for oil drops of
millimeter size and moderate interfacial tension (around 30 dyn/em), which is much
larger than the Reynolds number, x2, of the order 102.

If the change of the bulk concentration is small and the interface is in equilibrium
with the bulk fluids, the fluctuating interfacial tension can be expanded in terms of
the fluctuating surface concentration, and the fluctuating surface concentration can
be expanded in terms of the fluctuating bulk concentration. Hence,

ay) Er
~() r=2i, (14)
7 (aro Yo
ol AC
'>|— = = 1
and (), T (1%)
H E=—ny (2
ere =—%l\3p -
ol
and A= I"(aos)o

Both E, usually termed Gibbs elasticity, and 4 are determined by the properties, and
concentrations of surfactants, properties of the bulk fluids, and the local physical
conditions. Note that variables with the subscript s should be evaluated at the
interface, and variables with the subscript 0 denote quantities at equilibrium.

Again by using normal mode expansions, the solution of the linearized equation
(12) can be found readily :

C=Cry hP(ayr) Y p(R2)e7".
By using the known velocity field and (15), C,,, is determined by satisfying (13):

L
—L({L+1)2? [ai[(l —L)j (amy) +axjy ., (ax)]+ (—)g‘i‘]

(1+1)
A D )
£ {002 —L(L+ D] AP (ay) + DL (LA ay) — ayhf2, (ag)]

0 s 0

CLM -
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From (14) and (15), and the known surfactant distribution, the interfacial tension

is then found as
oy\ (ol
7 =wen() (@) o
Yo T 7o oC,),

E 2v,
=Yo— O [V v+ ]s (16)

L(L+1) LRC, RC,H(xy)
a2t alyid ayd
H(ay) = hi,(ay)/ R (ay).

The factor V:v+ (2v,/r), in (16) in fact represents the rate of local expansion of the
interface. The lnterfacml tension thus changes with the local expansion and
compression of the interface as the drop oscillates. The other two parameters that
determine the change of the interfacial tension are the Gibbs elasticity and &, which
is controlled by the diffusion rates both in the bulk fluids and on the interface and
the amount of adsorption. In general, the adsorption number RC;/4 in G is much
larger than one, so that the surface diffusion process is less important than the bulk
diffusion process. Furthermore, higher diffusion rates lead to faster redistribution of
surfactants and thus to a more uniform interfacial tension on the interface.
Stress balance demands that

FE+F+F,+Fi, =0,

where G=1-

which gives

—Ye,, 2LL—1)[1-4, Y56
I+ {1 o [ 2 +L(L2—1)(L+2)a2]}

1—- Ypa . ,
—a;2L(L+ 1)[ xéBd+L(L2_1)ﬂ(L+2)a2][(L_I)JL(axi)_axi.]L+1(axi)]

B Oﬁ[l—Z(L+1)(L+2)]+a02ﬁL(l;+1)[(L—l)h‘,}’(axo)

2,.2
a“ry o

—ax, b (o

o)1= (17)
—L(L—1)B,— (L—1)(L+2 /35] ﬁ(——

9o _pyp— TBOE +2)
a2[2(1 L+ D@+ o?
YpGa?
—a1[2(L2—1)—a2xf (sz) + L2 —1) B+ (L +2)(L*—1 ﬂs] (oxzy)

Y 3G} .
ﬁm]JL+l(axi)
+a, [[2(L* — 2) —a®x3] h{P (axy) + 20w, A, (ax,)] = 0,  (18)

byl[(L— 1)+ (L +2) (L—1) Bl jploexy) — oy g (0,)] — b [ (L — 1) AL ()

—ax, h(l}-)fl(axo)] =0. (19)
Here j = p,/p, is the density ratio, ¥ = Lp+ L+ 1 the reduced density ratio, 7 =
7,/ the bulk shear viscosity ratio, §, = 5,/7; R the surface shear viscosity number,

Ba=E,/m R the surface dilatational viscosity number, and g = E/y, the surface
dilatational elasticity number.

—al[[2 —L(L+1) By— (L+2)(L—1) )z, +
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5. Transcendental equation

Matching the boundary conditions results in seven homogeneous equations,
(7)-(10), and (17)—(19), in seven unknown coefficients, €, ,,, @, ¢, @,, ¢,, by, and b,,.
Hence non-trivial solutions for the seven unknowns exist only when the determinant
of the coefficients is zero. This constraint leads to a transcendental equation for the
dimensionless complex frequency a?. Since b, and b, and the other five unknowns
appear in two sets of equations independently, there are two transcendental
equations corresponding to two different types of motions. The transcendental
equation derived from (10) and (19) is

Jolaxy)  (L—1)[1+(L+2)B)j(ax) —ax;j . (ax;) -0
B (ox,) AL —1) BP (ax,) — ax, b, (ax,)] '

This equation does not involve any interfacial properties except the surface shear
viscosity. Furthermore, it can be found that the associated motion always decays
without oscillations and is purely rotational with no radial motion of the fluid on the
interface or in the bulks (Lu 1988). Therefore, this type of motion will not be
considered here.

The transcendental equation obtained by setting the determinant of the other five
coefficients to zero is

(20)

byy by byg €11 €12 €13 dyy dypdyg —@L+1)
byy baabog |+ A| Coy Cop Cog | +B|dyydypdys| +4ABJ (au;) [T“’
by, b, b dy,dood o

HL(axo)] =0,

31 032 033 €31 C32 C33 31 ®32 033

(21)

where A =L<Lajx112>/fa_(L_l)T(lﬁ2)a“ PRUSAS .Y
by = ¢y = dyy = —J,ax), by =y =dy, = 2L+1,
R
2LL+1)(L+2) 2L(LA—1)
alxt alx?
—L,6+2L(L+ 1)1;[(2L+ 1)

2,2
ax, a’xs

big = €13 =dy3 = ’

by =dyp = Y(1+a™4)—

E]

_HL(axo):l y

by = dyy =
23 23 ax,

1 2J (oxy)
e

_2[1—L*+jL(L+2)]

b., =
81 olx?

4 b32

3

ax;

—24(2L+1) 9z, 24H (ax —(L—1
byy = e )_Lg+—”a€:if O), Coy = (ax. )+

atx?x, o i
2(L+2)(LA—1) 29LL—1)(L+2)
a’x? alx?
o = -—/3;1;+2)+21§(L—I)OE:;;G—x2)(2L+1)_27‘(14—1)(52-;22)HL(ax0)
i %o i

AL—1)(L+2)J, (o)

2,.2
a’x;

’

Cog = Y(1+a™)—

3

2
o

Cyr =dyy = Jp(ax;) Cae=1—L, cg3=dyp=0, dy=—(L+1),

Jy(axy) = jp(axy)/j(azy),
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and Hy (o) = K (o) /P (a,).

Equation (21) is so complicated that a general analytic solution is impossible to
obtain. Nevertheless, by employing proper expansions, approximate solutions can be
derived for several limiting cases.

6. Limiting cases

For a system with small viscosities and large Reynolds number, «, J, (ax;), H (ax,),
and @ can be expanded as (Lu 1988)

a " i;”[l—%'ne(l)+§'n(%'n+ 1)6(1)2—%’/&6(2)4- . ‘]’ (22)
. (L+1) (L+1)e®
K - .. 2
Jylox) =i+ i %z, +..., (23)
o (L+1) (L+1)e™
H,(ax) = —i+ iz %z, +... (24)
and G~ 1+iA(1+3M)—iAL/y+.... (25)

Here €™ is of the order 1/2™,i, = (1+1)/4/2, and A is the surface diffusion—-adsorption
number,

A= (Cy/A)(D/w*).

The approximate solutions for € can be found by making appropriate perturbation
expansions of the transcendental equation and by equating terms of the same order.
Since the transcendental equation depends on many non-dimensional parameters —
such as the density ratio, viscosity ratio, surface dilatational elasticity number, and
surface dilatational viscosity number, the approximate solutions are meaningful
only when their orders of magnitude are specified. For simplicity we assume that the
ratios of the densities and viscosities, p and 7, are of order 1. Results for other surface
parameters of different orders are then discussed separately.

Examination of (21) shows that the surface shear viscosity number g, and the
surface dilatational viscosity number 8, always appear with a factor of order 1/af.
The surface dilatational elasticity number, however, appears with a factor of order
1. Hence, the ratios, 8,/8 and B./8, must be of order z* to offset the differences.
Furthermore, A is assumed to be of order 1, so the effects due to the diffusion and
adsorption of surfactants can be easily examined. For the cases studied below, except
Case 1, these conditions are retained.

Case 1: f=f,=p,=A=0; ie. Gibbs elasticity, surface dilatational viscosity,
surface shear viscosity, and surface diffusion-adsorption numbers are zero.

Here the system contains no surfactants or contaminants. For fluids of small
viscosities, we find that, to order 1/2% the complex angular velocity is

wxiw*(1+eP+e?+ .. ), (26)
(2L + 1261 _ — (1+1) @L + 1)%(0, 9, po 7o)}
2Yz[1+(57)7] 24/ 2Rw*[Lp,+ (L+1) pi][(p17:)* + (06 70)]
(2L + 1)[2(L2 = 1)+ (L +2) 7 — (L — 1) p7 + 2L(L + 2) p77*]
2Ya{1+ (H)T? '

where ¢V =—

, (27a)

and €® =¢e®2—

(27b)

The first-order term, due to the energy dissipated in the boundary layers through
rotational motion (Landau & Lifshitz 1959), is identical to Miller & Scriven’s, which
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Ficure 1. Frequency and damping constant versus diameter for hexane drops in pure water at
24+ 2 °C. The solid curves are the theoretical predictions based on (27). Symbols are experimental
results from Lu & Apfel (1990).

exists only when neither of the densities of the fluids is negligible. The second-order
term is the same as Marston’s (1980) confirming that Miller & Scriven had a missing
term ¢V2.

As depicted in figure 1, experimental results obtained by using an acoustic method
(Lu & Apfel 1990) are in good agreement with the theoretical predictions shown here,
thus supporting the validity of the hydrodynamic analysis.

Case 2 : Surface dilatational elasticity number is of order 1/z%, surface dilatational
and shear viscosity numbers order 1, and surface diffusion-adsorption number, at
most, of order 1.

This case corresponds to a system exhibiting small surface dilatational, shear
viscosities, and Gibbs elasticity, which give an additional second-order term, ¢®’,
besides the terms in Case 1. The new term of the complex frequency is thus

L[ iYEw* +L(L+1)gs][(L—1)—(L+2) (;577)*]2
2Y [(L—1)(L+2) y,(1+igA) R? 1+ (p7)t
(L—1)(L+2)ns[(L+1)—L(ﬁﬁ)*]’ (28)
2TR? 1+@hHt |-

If the diffusion—adsorption number is much smaller than 1, so that effects of the
surfactant diffusion are negligible, the Gibbs elasticity and the surface viscosities

iw*e®’ =
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affect the characteristic frequency and the energy dissipation rate of the system,
respectively. The damping constant increases with the surface viscosities, as
expected. The increase of the characteristic frequency with the Gibbs elasticity is due
to the higher effective interfacial tension (averaged over the interface) assumed by
the drop as it oscillates (cf. (16)). Hsu’s simplified model (Hsu & Apfel 1987) for
calculating the additional effects introduced by the surface dilatational viscosity is
adequate only in this case.

If the diffusion-adsorption number is small but not negligible, both the
characteristic frequency and the energy dissipation rate are affected by the Gibbs
elasticity as well as the surface viscosities. The effects can be seen by using the
approximation, 1/(1+igA) = 1 —igA, such that (28) is transformed into

iw*e(z),=L[iYEw*(1—(1+i)/\/\/2) L(L+1)gs][(L—1)—(L+2)(ﬁﬁ)%]2
2r{  (L—-1)(L+2)y, R? 1+ ()t
(L-1><L+2)vs[<L+1>—L<ﬁﬁ>%]2 29)
2YR? 1+ g |

Since the diffusion of the surfactants smooths out the interfacial tension gradient, the
oscillation frequency is slightly reduced. The damping constant, however, is slightly
increased owing to the phase difference between the redistribution of surfactants and
the oscillation of the drop.

Comparing the rate of energy dissipation due to surface dilatational viscosity with
that due to surface shear viscosity gives

shear decay constant ~ (L—1)(L+2)[(L+1)— L(p%)
dilatational decay constant  L(L + 1)[(L — 1) — (L +2) (57)

This ratio increases towards 1 as L increases if the product of the density ratio and
viseosity ratio is of order 1, suggesting that the shear and dilatational motions of a
flat interface are equally important; the shear motion is less important than the
dilatational motion on a curved interface. For quadrupole oscillations (L = 2) of a
hexane drop (at 25 °C, density = 0.6548 g/cm?®, viscosity = 0.294 cP) in water the
energy dissipation caused by the shear motion on the interface is about 2%.

Case 3: Surface dilatational elasticity number and surface dilatational viscosity
number are much larger than other non-dimensional parameters.

In this case the Gibbs elasticity and the surface dilatational viscosity are so large
that motion in the boundary layers is changed drastically. Thercfore, the first-order
solution is no longer the same as the previous ones. It becomes

—i[(L— 12+ (L +2)%(p)}]
2z, ’

e —

(30)

which is the same as Miller & Scriven’s (1968) result. ¢V, however, does not depend

on the surface parameters f and f,, since the interface is inextensible; the local

expansion of the interface is impossible to the first order. Yet the surface parameters

will come into play only when there is a local variation of the interfacial area.
Comparing (30) with (27a) shows that

Aal

inextensible interface decay constant _[1+ (PAEI(L — 1)2+ (L +2)%(54)%]
free interface decay constant - (2L + 1)%(p)

s
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surface shear viscosity are zero.

[=]

which is always greater than one. For the quadrupole oscillations of a hexane drop
in water, the ratio is about two.

Case 4 : Surface shear viscosity number is much larger than other non-dimensional
parameters.

The interface cannot sustain any shear motion to the first order. The correction to
the complex frequency is
— (L + 1)* + LX)

2Yx; )

eV =

(31)

Comparing the result with (27a) yields

1

no shear interface decay constant _ [1+ (PR [(L+1)% + L2(57)3]
free interface decay constant (2L + 1)%(p7)2 ’

The ratio is still greater than 1 but not significantly different from it. For the
quadrupole oscillations of a hexane drop in water, the ratio is about 1. This again
shows that there is not much shear motion on the spherical hexane-water interface
even though the interface is free.

Case 5 : Surface dilatational elasticity number is of order 1/x, surface dilatational
and shear viscosity numbers are of order x, and the surface diffusion-adsorption
number is 1.
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hexane drop of a radius 0.1 em in an aqueous solution with an equilibrium interfacial tension,
40 dyn/cm, against hexane. The surface dilatational and shear viscosities are zero.

Here the Gibbs elasticity and the dilatational viscosity are moderate. The first-
order correction to the complex frequency is
—iy(2L + 1)*(pi)}
27 x?

dii A4 A,
2Y

+A,64+A 6.+

€M = , (32a)

1 AA %
LHOI 5 (4,+4,)
Z;
_ LAt (L1 LG+ (L 41
where € = 21z, , €g = ) ,
o Yp CL(L+1) B, —i(L—1)(L+2) 4,
T (L=1)(L+2)(1+iA) 2 a2 ‘
Again the first-order term is due to the energy dissipation in the boundary layers.

The boundary layer, however, is always present for an interface with elasticities and
viscosities, even when the density of one of the fluids is negligible. The second-order

result is ) ‘ o
o  lslf+fs+ o= 4is g AJL(G/PR+ (L +1)]

2)’[1—+—M+iis(Ad+As)]

] As=

P

; (32b)

1
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F1GURE 4. Free quadrupole oscillation frequency and damping constant versus surface dilatational
elasticity number for different surface dilatational viscosity numbers. The calculations are for a
hexane drop of a radius 0.1 cm in an aqueous solution with an equilibrium interfacial tension,
40 dyn/cm, against hexane. The surface shear viscosity and surface diffusion-adsorption number
are zero.
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FicURrE 5. Free quadrupole oscillation frequency and damping constant versus surface dilatational
elasticity number for different surface dilatational viscosity numbers. The calculations are for a
hexane drop of a radius 0.1 cm in an aqueous solution with an equilibrium interfacial tension,

40 dyn/cem, against hexane. The surface shear viscosity is zero, and the surface diffusion-adsorption
number is one.

%A, Ye® 3i, e®
S (LR + (L4 D]+ S5 — (L4 1)* (B4 L]

[}

and f = As{5 Yez 4

i

1 g
—4el )AS[(L—I)(L+2)(1 +is/\)+Ad]'

Effects of the surface parameters are intertwined such that simple observations
become formidable. To see the importance of each surface parameter, we plot the free
oscillation frequency and damping constant against each surface parameter (see
figures 2-6). The sample system chosen is a hexane drop in a dilute aqueous solution.
The drop has a radius of 0.1 cm, and the equilibrium interfacial tension is 40 dyn/cm.

Figure 2 depicts the change of the frequency and damping constant with the
surface dilatational viscosity number when the Gibbs elasticity and surface shear
viscosity are zero. For such a system, the frequency decreases and the damping
constant increases monotonically with the surface dilatational viscosity number.

These changes of the characteristics of the system are similar to those due to the bulk
viscosity.

+;l§[4~L(L+ 1) (1=#)+ (L+ 1) L@+ L(L + 1)2(,;/,;)%]}
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Ficure 6. Free quadrupole oscillation frequency and damping constant versus surface dilatational
elasticity number for different surface shear viscosity numbers. The calculations are for a hexane
drop of a radius 0.1 em in an aqueous solution with an equilibrium interfacial tension, 40 dyn/em,
against hexane. Both the surface dilatational viscosity and diffusion-adsorption number are zero.

In figure 3 we show the variation of the frequency and damping constant with the
surface dilatational elasticity number assuming that the surface viscosities are zero.
Both the frequency and damping constant have maxima. Similar effects have also
been found for a planar air-liquid surface by Mann & Hansen (1963) and Tempel &
Riet (1965). The frequency can be higher or lower than the case with zero Gibbs
elasticity, depending on the magnitude of the Gibbs elasticity. The damping
constant, however, is always higher than that for zero Gibbs elasticity. This is
probably due to the increased vorticity generated in the boundary layers caused by
the additional shear stress, the interfacial tension gradient. The maxima, on the
other hand, may result from the phase difference between the tangential component
of the bulk viscous stress on the interface and the interfacial tension gradient (cf.
(11)). Furthermore, increasing the surface diffusion—adsorption number, which leads
to more rapid redistribution of surfactants and thus smaller interfacial tension
gradient, has a similar effect to decreasing the effective Gibbs elasticity of the
system.

When both the Gibbs elasticity and the surface dilatational viscosity are present
at the interface, but the surface shear viscosity is still zero, the dependence of the
frequency and the damping constant on the surface parameters is shown in figures
4 and 5. The general trend of the variation of the frequency and damping constant
with the surface elasticity number is the same for all surface viscosity numbers. The
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Ficure 7. Damping constant versus diameter for hexane drops in 0.396 mm (5.2% CMC) SDS
aqueous solution at 25 °C. The open symbols connected by line represent calculated results and the
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and one hour after the drop is introduced into the solution, respectively.

trend of the variation of the frequency and damping constant with the surface
viscosity is, however, completely reversed after the crossing region. This behaviour
is because the stresses caused by the Gibbs elasticity and the surface dilatational
viscosity are out of phase (cf. (11)).

If the interface does not exhibit any dilatational property, both the damping
constant and frequency change very slowly with the surface shear viscosity since
little shear motion exists on the spherical interface. Nonetheless, when both the
dilatational and shear properties are present at the interface, the effects of the
surface shear viscosity are no longer negligible owing to coupling, unique in a non-
planar interface, between Gibbs elasticity and surface shear viscosity. As shown in
figure 6, the surface shear viscosity increases the damping constant and frequency
significantly. It is not clear, however, whether the unusually large effects are spurious
owing to the approximate nature of (32). If the effects are real, the measured
damping constant and frequency can be used to detect the presence of surface shear
viscosity.

7. Experimental results

The interfacial tension, Gibbs elasticity, and surface viscosities can be controlled
experimentally by choosing appropriate materials and the concentration of
surfactants. Nevertheless, it is difficult to change these interfacial parameters
independently. For example, if the surfactant concentration is increased, all
interfacial parameters are changed simultaneously. The conditions for the different
limiting cases discussed above, therefore, cannot be easily achieved experimentally.
Recently, Lu & Apfel (1990) have measured the free quadrupole oscillation frequency
and damping constant for hexane drops in SDS aqueous solutions of different
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concentrations. To reduce the complexities of the problem and make comparisons
between the theoretical and experimental results possible, they assume that the
effects of surface viscosities are negligible, and the surfactants adsorbed on the
interface behave according to the perfect gas law, which are generally true for a
dilute surfactant solution (Adamson 1982; Reichl 1980; Ting, Wasan & Migano
1985). By using (32) (since the dilatational elasticity number ranges between zero
and one) and the measured frequency, the equilibrium interfacial tension is inferred
and the damping constant is then calculated. The calculated and measured damping
constants are shown in figures 7 and 8. Despite the apparent agreement between the
theoretical and experimental results, further experimental work is required to fully
test the theoretical predictions.

8. Conclusions

We have studied the effects of surface properties, such as Gibbs elasticity and
surface dilatational and shear viscosities, introduced by surfactants on shape
oscillations of a fluid drop in another fluid with and without surfactants. A general
transcendental equation for the complex frequency has been obtained. Explicit
results for cases of zero, small, intermediate, and large surface properties are
reported. We have shown that the rate of energy dissipation is always higher for an
interface exhibiting surface elasticity and viscosities because of stronger vorticity
generated in the boundary layers. The effects of the interfacial properties become
measurable if the surface viscosity number is of order 1 or the surface elasticity
number is of the same order as the Reynolds number. When the surface dilatational
viscosity or elasticity is so large that the interface is inextensible, or the surface shear
viscosity is so large that the interface cannot sustain any shear deformation, the
dispersion relations are extremely simple. The result of for no-shear interface,
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however, is not so different from that for a free interface, since the shear motion on
a spherical interface is not important. For the case of moderate interfacial properties,
we have shown that the Gibbs elasticity is the most important surface property and
changes the damping constant significantly owing to stronger vorticity generated in
the boundary layers caused by the interfacial tension gradient. Furthermore, at a
certain surface elasticity number both the frequency and damping constant show
maxima.

This work was supported by the Office of Naval Research.

REFERENCES

ApamMsoN, A. W. 1982 Physical Chemistry of Surfaces, 4th edn, pp. 484-485, 56-58, 10-39.
112-114, 120-121, 117, 84. Wiley.

BoussiNesq, J. 1913 Velocity of the fall of a spherical drop into a viscous fluid of less specific
gravity. Ann. Chim. Phys. (8) 29, 364.

BuPara, S.8. 1964 Spontaneous movements of small round bodies in viscous fluids. Ph.D.
dissertation, Department of Chemical Engineering, University of Minnesota.

CHANDRASEKHAR, 8. 1961 Hydrodynamics and Hydromagnetic Stability. Dover.

ConEn, 8. & SwiaTecKl, W. J. 1962 The deformation energy of a charged drop. IV: Evidence for
a discontinuity in the conventional family of saddle point shapes. Ann. Phys. 19, 67.

Hsu, C. & ApFEL, R. E. 1987 Model for the quadrupole oscillations of drops for determining
interfacial tension. J. Acoust. Soc. Am. 82, 2135.

Lams, H. 1932 Hydrodynamics, 6th edn. Cambridge University Press.
Lanpavu, L. D. & Lirsaitz, E. M. 1959 Fluid Mechanics, pp. 53, 91. Pergamon.
LevicH, V. G. 1962 Physicochemical Hydrodynamics. Prentice-Hall.

Lu, H. 1988 Study of interfacial dynamics of drops in the presence of surfactants or contaminants.
Ph.D. thesis, Department of Mechanical Engineering, Yale University.

Lu, H. & ApreL, R. E. 1990 Quadrupole oscillations of drops for studying interfacial properties.
J. Colloid Interface Sci. 134, 245.

Ma~n, J. A. & HaxnsExw, R. 8. 1963 Propagation characteristics of capillary ripples, ITI. Capillary
ripple velocity and attenuation dispersion on clean water surfaces and on various monolayers.
J. Colloid Sci. 18, 805.

Marstox, P. L. 1980 Shape oscillation and static deformation of drops and bubbles driven by
modulated radiation stresses — Theory. J. Acoust. Soc. Am. 67, 15.

MiLLER, C. A. & ScrivEN, L. E. 1968 The oscillations of a fluid droplet immersed in another fluid.
J. Fluid Mech. 32, 417. :

Nix, J. R. 1972 Calculation of fission barriers for heavy and superheavy nuclei. Ann. Rev. Nucl.
Sci. 22, 65.

ProsPERETTI, A. 1977 Viscous effects on perturbed spherical flows. Q. Appl. Maths 35, 339.

ProsPERETTI, A. 1980 Free oscillations of drops and bubbles: the initial-value problem. J. Fluid
Mech. 100, 333.

RavyLEIGH, LOorRD 1879 On the capillary phenomena of jets. Proc. R. Soc. Lond. 29, 71.

RayLEIGH, LorD 1882 On the equilibrium of liquid conducting masses charged with electricity.
Phil. Mag. 14, 184.

RayLEIGH, LorRD 1902 On the pressure of vibrations. Phil. Mag. 3, 338.

REeicHL, L. E. 1980 A Modern Course in Statistical Physics, pp. 42-44, 66-68. University of Texas
Press.

REm, W. H. 1960 The oscillations of a viscous liquid drop. Q. Appl. Maths 18, 86.

Scrivex, L. E. 1960 Dynamics of a fluid interface. Chem. Engng Sci. 12, 98.

TempEL, M. & RiET, R. P. 1965 Damping of waves by surface active materials. J. Chem. Phys. 42,
2769.

Ting, L., Wasan, D. T. & Mivano, K. 1985 Longitudinal surface waves for the study of dynamic
properties of surfactant systems. ITI. Liquid-liquid interface. J. Colloid Interface Sci. 107, 345.



